Introduction
Cluster algebras were introduced by S. Fomin and A. Zelevinsky in [10, 11, 12, 19, 2] . A cluster algebra is a commutative algebra with a distinguished set of generators called cluster variables and particular type of relations called mutations. A quantum version was introduced in [3] and [7, 8, 9] .
Generalized Weyl algebras were first introduced by V. Bavula in [1] and separately as hyperbolic algebras by A. Rosenberg in [17] . Their motivation was to find a ring theoretical frame work to study the representations theory of some important "small algebras" such as the first Heisenberg algebra, Weyl algebras and the universal enveloping algebra of the Lie algebra sl (2) . In [17, 15] , Rosenberg and Lunts introduced hyperbolic categories which are basically generalizations of the categories of representations of generalized Weyl algebras.
In [18] , we introduced Weyl cluster algebras which are non-commutative algebras generated by cluster variables produced from cluster-like structures which are formed, by mutations, from (possibly infinitely many) copies of generalized Weyl algebras.
Several attempts have been made to introduce "categorifications" for cluster algebras, taking into account the different ways of defining the notion of categorification. In [13, 14] , cluster algebras of certain finite types were realized as Grothendick rings of categories of representations of some quantum affine algebras. Another type of categorification of cluster algebras was introduced in [5] , which is Caldero-Chapoton map. In [4] , cluster category C(Q) was introduced for any finite quiver Q with neither loops nor two cycles. The Caldero-Chapoton map X T is a map from C(Q) to the ring of Laurent polynomials over Z in the initial cluster variables associated to Q. It sends certain indecomposable objects in C(Q) to cluster variables such that its image generates the cluster algebra A(Q).
In this paper we provide a similar type of categorification for Weyl cluster algebras. We introduce a categorical version of Weyl preseeds called categorical preseeds and a "functorial" version of preseeds mutations called categorical mutations, see Definitions 3.5 and Definition 3.9 respectively. Every categorical preseed generates an ambient category, called mutation category, which is generated by (possibly infinitely many) hyperbolic categories. Clustered hyperbolic categories are, by definition, the full subcategories of mutation categories such that each object appears in only one categorical preseed that is mutationally equivalent to the initial categorical preseed, Definition 3.14 (3) . A technique of identifying clustered hyperbolic categories as subcategories of mutation categories, is provided through combinatorial tools introduced in this paper, called zigzag presentations. Which is a presentation that encodes the relations between the expressions of the skew Laurent objects, which are the categorical dual of the cluster variables. Clustered hyperbolic categories are introduced in this paper as "categorifications" of Weyl cluster algebras. That is, we define a map from each clustered hyperbolic category to its associated Weyl cluster algebra such that the image of the map generates the Weyl cluster algebra. In the following we summarize the main statements of this article. Theorem 1.1. Every mutation category contains a clustered hyperbolic category as a full subcategory.
Every Weyl preseed p gives rise to a categorical preseed P which is used to generate a mutation category H(P). A specific clustered hyperbolic category C(W 0 ), as a subcategory of H(P), is introduced in Theorem 3.28. Theorem 1.2. The clustered hyperbolic category C(W 0 ) is generated by equivalent hyperbolic categories; each one of them is equivalent to the category H(p)-mod, where H(p) is the Weyl cluster algebra generated from p. Theorem 1.3. Let C be a clustered hyperbolic subcategory of H(P). Then there is a map F p : Obj.C −→ H(p) such that image of F p generates H(p).
Full versions of Theorems 1.1-1.3 are available in Lemma 3.24, Theorem 3.28 and Theorem 3.29 respectively.
The paper is organized as follows. Section 2 is devoted for basic definitions of Weyl cluster algebras. In Section 3, we introduce the notion of categorical preseeds, categorical mutations and clustered hyperbolic categories. In the same section we introduce, hyperbolic objects and the zigzag presentations and some of their properties are given in Proposition 3.20 and Lemma 3.22. In Theorem 3.28 we provide a relation between the clustered hyperbolic category C(W 0 ) and the category of representations of its associated Weyl cluster algebra. In Theorem 3.29, we introduce a map from any clustered hyperbolic subcategory of the mutation category H(P) to the associated Weyl cluster algebra H(p).
Throughout the paper, K is a field of zero characteristic and the notation [1, k] stands for the set {1, . . . , k}. All our categories are small with nonempty sets of objects, Obj.A stands for the set of all objects of the category A and Mor. A (M, M ′ ) denotes all morphisms in the category A from the object M to the object M ′ . Let D be an associative K-algebra with a non-trivial center Z(D). Then, the group of all automorphisms of D over the filed of zero characteristic K will be denoted by Aut. K (D). The functor Id A is the identical functor of the category A.
for all i = j. The generalized Weyl algebra of degree n, denoted by D n {θ, ε}, is defined to be the ring extension of D generated by the 2n indeterminates x 1 , . . . , x n ; y 1 , . . . , y n modulo the commutation relations x i r = θ i (r)x i and ry i = y i θ i (r), ∀i ∈ [1, n], ∀r ∈ R, (2.1)
and
We warn the reader that x i y i = y i x i in general.
Example 2.2 (6, 1, 17) . Let A n be the n th Weyl algebra generated by x 1 , . . . , x n , y 1 . . . , y n over K subject to the relations
It is known that A n is isomorphic to the generalized Weyl algebra D n {θ, ε}.
Example 2.3 (17) . The coordinate algebra A(SL q (2, k)) of algebraic quantum group SL q (2, k) is the K-algebra generated by x, y, u, and v subject to the following relations qux = xu, qvx = xv, qyu = uy, qyv = vy, uv = vu, q ∈ K\{0} (2.5) xy = quv + 1, and yx = q −1 uv + 1. (2.6)
A(SL q (2, k)) is isomorphic to the generalized Weyl algebra D 1 {θ, ε}, where D is the algebra of polynomials K[u, v]; ε = 1 + q −1 uv and θ is an automorphism of D, defined by θ(f (u, v)) = f (qu, qv) for any polynomial f (u, v).
Weyl cluster algebras
This subsection provides a brief introduction to Weyl cluster algebras, introduced in [18] . We start with a simpler version of the definition of preseeds [18, Definition 3.2] which serves the purpose of this article. Definition 2.4 (Preseeds).
1. Let P be a finitely generated (free) abelian group, written multiplicatively, with set of generators
(2.7) Let R = K[P] be the group ring of P over K. Let D n = R(t 1 , · · · , t n ) be the skew-filed of rational functions in n (commutative) variables over R, where t 1 , . . . , t n do not necessarily commute with the elements of the coefficients ring R. However, we assume that D n is an Ore domain.
The set of algebraically independent rational functions X = {x 1 , · · · , x n } which generate D n is called a cluster if the following condition is satisfied
Note that: For every i ∈ [1, n] the variable x i does not necessarily commute with elements from the set F i .
2. The triple p = (X, θ, ξ) is called a Weyl preseed of rank n in D n if we have the following
. . , θ n } be a set of n automorphisms of R such that
(c) ξ = {ξ 1 , . . . , ξ n } is a subset of R such that for every i ∈ [1, n], ξ i is a binomial (sum of two monomials) in the elements of F i . The set ξ will be called the set of exchange binomials of p.
For information about Ore domains we refer to [16, 3] . In the following, we will omit the word Weyl from the expression Weyl preseeds and all preseeds are of rank n unless stated otherwise. Also for simplicity we will use D for the skew-field of fractions instead of D n . 
Definition 2.5 (Preseeds mutations). Let
Definition 2.7 (Cluster sets and exchange graphs). 1. Let p be a preseed in D. An element y ∈ D is said to be a cluster variable of p if y is an element in some cluster Y of some preseed s = (Y, θ, ξ) which is obtained from p by applying some sequence of (right or left) mutations. The set of all cluster variables of p is called the cluster set of p and is denoted by X (p). The elements of the cluster of p are called initial cluster variables.
2. The exchange graph of a preseed p, denoted by G(p), is the n-regular graph whose vertices are labeled by the preseeds that can be obtained from p by applying some sequence of right or left mutations and whose edges correspond to mutations. Two adjacent preseeds in G can be obtained from each other by applying right mutation µ
Example 2.8. Let p be the rank 1 preseed ({x 1 }, θ 1 , ξ 1 ) with
. Applying mutation at x 1 produces the following cluster variables
So we have the infinite cluster set
In the following example we will see that every generalized Weyl algebra gives rise to a preseed.
Example 2.9. Let D n {θ, ξ} be a generalized Weyl algebra. Consider the triple p = (Y, ξ, θ), where the set of exchange binomials ξ = {ξ i ; i ∈ [1, n]} and Y = {y 1 , . . . , y n }. From the properties of the R-automorphisms θ = (θ 1 , . . . , θ n ) given in Equations (2.1) and (2.2) one can see that θ i satisfies Equation (2.9) for each i ∈ [1, n] which makes p a preseed in D, where D is the division ring of rational functions in y 1 , . . . , y n over the ring R = K[P]. In particular, in the case of the n th Weyl algebra A n , one can see that the skew-field of rational functions D = R(y 1 , . . . , y n ) is an Ore domain.
Example 2.10. Recall the coordinate algebra A(SL q (2, k)) of the algebraic quantum group SL q (2, k), Example 2.3. Let F 1 = {qu, v}. Consider the rank 1 preseed p = ({x}, {θ}, {ζ}), where θ : R → R given by θ(f (u, v)) = f (qu, qv) and ζ = quv + 1. One can see that p is a preseed in the division ring D = K[P](x), where P is the free abelian group generated by F 1 . The cluster set of p is given by
Definition 2.11 (Weyl cluster algebras). Let p = (X, ξ, θ) be a preseed in D. The Weyl cluster algebra H(p) is defined to be the R-subalgebra of D generated by the cluster set X (p).
The following remark and theorem shed some light on the structure of the Weyl cluster algebra H(p). Remark 2.12 and first part of Theorem 2.13 can be phrased as following: The Weyl cluster algebra H(p) is generated by R and many (could be infinitely many) isomorphic copies of generalized Weyl algebras, each vertex in the exchange graph of p gives rise to two copies of them.
Remark and Definition 2.12. Let p = (X, θ, ξ) be a Weyl preseed and D = K[ξ 1 , . . . , ξ n ] be the ring of polynomials in ξ 1 , . . . , ξ n where ξ i , i = 1, . . . , n are as defined in Example 2.9. Then p gives rise to two copies of generalized Weyl algebras of rank n, as follows
is the ring extension of R generated by µ
is the ring extension of R generated by 
2. The Weyl cluster algebra H(p) is a subring of the (non-commutative) ring of Laurent polynomials in the initial exchange cluster variables with coefficients from ring of polynomials R[θ
3. The Weyl cluster algebra H(p) is finitely generated and is isomorphic to each of H R (s) and H L (s) for every preseed s mutationally equivalent to p.
Proof. Proofs of Parts (1) and (2) are provided in [18, Theorem 4.12] . To prove Part (3), we only need to prove that the generators of the algebra H(p) are also elements in the algebras H R (s) and H L (s). The algebra H(p) is generated by the set of all cluster variables that are obtained from the initial cluster variables x 1 , . . . , x n . We will show that every cluster variable generated from x k , k = 1, . . . , n by applying some sequence of mutations is already an element of H R (s) and H L (s). From the proof of Part (3) in Theorem 4.12 in [18] , a cluster variable y that obtained from x k by applying a sequence of mutations (right or left) of length l, can be written in the form
(2.14) Assume that the sequence of mutations that creates s from p contains m copies of µ R k (respect to µ L k ), then the set of generators of the hyperbolic algebra
One can see that whether m ≥ l or m < l, y can be obtained from the generators of H R (s) (respect to H L (s)) by multiplying them from left and right by ξ ±q k for some natural number q.
Example 2.14 (Weyl cluster algebra associated to first Weyl algebra). Recall the n th Weyl algebra and the associated preseed given in Example 2.9. Let A 1 be the first Weyl algebra and consider the preseed p 1 = ({y}, {ε}, θ}).
, where P is the cyclic group generated by ε = yx. Then We have the following exchange graph
is left mutation and · R / / is right mutation). Which can be encoded by the following equations
(2.16)
The Weyl cluster algebra H(p 1 (y)) is the R-subalgebra of D generated by the set of cluster variables {y k , k ∈ Z}. Relations (2.16) can be interpreted as follows, each double heads arrow in G(p 1 ) corresponds to a copy of first Weyl algebra, denoted by A k 1 = K y k , y k+1 , k ∈ Z and right (respectively left) mutations define isomorphisms between the adjacent copies, given by
3 Clustered hyperbolic categories
Hyperbolic category
For a category A, an auto-equivalence Φ is an invertible functor on A making it equivalent to itself. A natural transformation τ : Id A → Id A is said to be an endomorphism of the identical functor of A if for every object W there is a morphism τ W ∈ Hom A (W, W ) such that for any W ′ in Obj.A and every 
(b) Every element ς ∈ Z(D) defines an endomorphismς of the identical functor of the category D-mod, as follows
Definition 3.1 (Hyperbolic category (15, 17) ). Let A be an additive category with a set of n-auto-equivalences Θ = {Θ 1 , . . . , Θ n } and another set of nendomorphisms ξ = {ξ 1 , . . . , ξ n } of the identical functor of A. Consider the endomorphism ε i of the identical functor of A given by
The hyperbolic category of rank n on A, denoted by A n {Θ, ξ}, is defined as follows: Objects are triples (γ, M, η) where M is an object in A and γ and η are two sets of A-morphisms such that γ = {γ 1 , . . . , γ n }, η = {η 1 , . . . , η n } where
given by
A morphism from the object (γ, M, η) to the object (γ
Remark 3.2. Let M be an object in A and id M be its identity morphism. Then the n-tuple (id M , · · · , id M ) is a morphism in the hyperbolic category A n {Θ, ξ} if and only if the object (γ, M, η) ∈ Obj.A n {Θ, ξ} has unique sets of A-morphisms γ and η as defined in (3.2) above. In particular, the object M in A will appear exactly once as the object (−, M, −) in A n {Θ, ξ}. , where x = {x 1 , · · · , x n } and y = {y 1 , · · · , y n } and Θ is induced from θ.
Categorical preseeds
Let A be an additive category.
Definition 3.5 (Categorical preseeds).
A categorical preseed of rank n in A is the data P = (Θ, ξ, A Θ ) where
2. ξ = {ξ 1 , . . . , ξ n } is set of n endomorphisms of the identical functor of A;
A Θ is the following category:
Objects are pairs (M, f ), where M is an object in A and f = {f 1 , . . . , f n } is a set of n invertible elements of Mor. A (Θ(M), M).
Remark 3.6. 1. Let P = (Θ, ξ, A Θ ) be a categorical preseed. Since ξ is a set of endomorphisms of Id A , then for every object (M, f ) in A Θ we have
2. The category A Θ , defined in Definition 3.5, was introduced in [17] under the name of skew Laurent category. The objects of A Θ will be called the skew Laurent objects of P. 
Let A = D − mod, and A = ϕ * (A), where ϕ * : A −→ R − mod, the functor that sends each object in A to itself as a D-module forgetting the rest of the actions of A. Let W = (Θ, ξ, A Θ ) such that Θ = {Θ 1 , . . . , Θ n } is a set of n A-auto equivalences where Θ i : A −→ A is induced by θ i ; and ξ = {ξ 1 , . . . , ξ n } is a set of n endomorphisms of the identity functor of A given by
Objects of A Θ are pairs (M, y) such that M is an object of A and y = {y 1 , . . . , y n } where
. This specific hyperbolic categorical pressed W is called Weyl categorical preseed.
Categorical mutations
The main purpose of this subsection is to introduce categorical mutations which are "functorial" versions of the preseeds mutations introduced in [18] . Categorical mutations involve creating a new skew Laurent category from a previous one and a functor between the old and the new categories.
For any morphism h in Mor. A (W, W ′ ) we write D(h) = W and C(h) = W ′ , where D(h) stands for the domain of h and C(h) is the codomain of h.
Let P = (Θ, ξ, A Θ ) be a categorical preseed of rank n in A. In the following we introduce length one and length two sequences of categorical mutations before introducing the general rules of categorical mutations. 1. Categorical right mutations.
(a) First generation categorical right mutations. For k ∈ [1, n], the action of categorical right mutation µ
(b) Second generation categorical right mutations. The second mutation µ R k 2 (P) alters A k (1) Θ to the category A k (2) Θ with objects given by
• The morphisms of A k (−1) Θ are as given in (3.7).
(3.10)
3. General categorical mutations rules. Let S = (Θ, ξ, A k (t) Θ ) be a triple obtained from the initial categorical preseed P by applying some sequence of categorical mutations µ which contains exactly t copies of µ 
•
be triple obtained from P by applying some sequence of categorical mutations µ which contains exactly t copies of µ L k with t ≥ 2. The categorical left mutations rules for ξ and Θ are the same as in the right mutations. The left categorical mutations of A k (−t) Θ with objects are the pairs (W, ν k (−t) ) such that ν k (−t) = (ν 1 , . . . , ν n ) is replacing it with A k (−t−1) Θ with objects given by
The morphisms of A k (−t−1) Θ are defined the same way as the morphisms of A k (t+1) Θ in (3.12).
Two categorical preseeds P and S are called mutationally equivalent if they can be obtained from each other by applying some sequences of categorical mutations. In such case, every skew Laurent object of P is said to be mutationally equivalent to its associated skew Laurent object of S.
Remark 3.10. Let P be a hyperbolic categorical preseed. Then for every i, j ∈ [1, n] we have
Example 3.11 (Categorical mutations of Weyl categorical preseed W). In this example we give more precise forms for the objects of the categories (y 1 , . . . , y k−1 , y k t , y k+1 , . . . , y n ), where y k t is one of the following cases
if t is even, (y 1 , . . . , y k−1 , y k −t , y k+1 , . . . , y n ), where y k t is one of the following cases
if t is even,
Lemma 3.12. Let P = (Θ, ξ, A Θ ) be categorical preseed of rank n in A.
Then the following are true
(1) For every sequence of categorical right (respect to left) mutations µ
The categorical preseed P along with the categorical preseeds µ R 1 (P), . . . , µ R n (P) give rise to a hyperbolic category (respect to µ L 1 (P), . . . , µ L n (P)). This hyperbolic category will be denoted by H R (P) (respect to H L (P)).
Proof.
(1) In the following we prove Part (1) for categorical right mutations and for the categorical left mutations, the proof is similar with the obvious changes. One can see that Remark 3.10 reduces the proof of Part (1) into proving it only for the case j i = . . .
We start by proving Part (1) for sequences of mutations of lengths one and two, and the proof for sequences of mutations with bigger lengths is quite similar. Now, we show that µ R k (P) is again a categorical preseed. The main part is to prove that A k (1) Θ satisfies the conditions of the skew Laurent category for the triple (
It remains to show (3.4) for objects and morphisms of
. Therefore the following consecutive identities are satisfied
(3.17) Equation (3.17) above is due to the fact that ε k,− being an endomorphism of the identical functor, thanks to (3.5) and the fact that ξ k is an endomorphism of the identical functor for every k ∈ [1, n]. Also, equation (3.17) says that the following diagram is commutative
which is equivalent to the commutativity of the following diagram
. For right mutations of length two, altering µ R k (P) by mutation in kdirection, we get µ
is again a categorical preseed we need to prove (3.4) as follows
In the first equation we used that ξ k is an endomorphism of the identical functor of A, in the second equation we used that h ∈ hom A Θ (M, M ′ ) and the last equation is due to ε k is also an endomorphism of the identical functor of A. 
k , where (M, f ) is an object of A Θ . The morphisms of H R (P) are given by
In the following we verify the conditions of the hyperbolic category. Starting with (3.2), for every k ∈ [1, n] we have
, and
The definition of H L (P) and the Proof of its being hyperbolic category is quite similar to the proof of H R (P) with the obvious changes.
Corollary 3.13. For every two mutationally equivalent categorical preseeds P and S there exist a unique sequence of categorical mutations µ such that S = µ(P). Where for every i ∈ [1, n], µ i appears in µ only once and in one of the forms (µ
Proof. We start by proving the following statement: Every mixed sequence of categorical right and left mutations µ = µ i 1 · · · µ i k can be reduced into a smaller or equal length sequence of categorical mutations of the form
We use (3.14) along with Part (2) of Lemma 3.12 to rewrite every sequence of mixed categorical right and left mutations as
where µ R is a sequence of only categorical right mutations and µ L is a sequence of only categorical left mutations as given in (3.18). One can see that the statement of the corollary is true for any two categorical preseeds of rank 1. And since every sequence of categorical mutations µ can be written as the product µ R µ L such that µ R and µ L are as given in (3.18), where each sequence of categorical mutations is written as a product of independent sequences of categorical mutations each one is in one direction. Where the independence of these sequences is guaranteed from the definition of categorical mutations, Definition 3.9. Each one of theses sequences connects one component, say γ k of a generic skew Laurent object (M, (γ 1 , . . . , γ n )) in P to same-index component of the corresponding skew Laurent object in S which can be seen as a sequence between two rank 1 categorical preseeds. So each subsequence (µ
) n i is unique thus µ must be unique.
Clustered hyperbolic categories
Let P and S be two mutationally equivalent categorical preseeds, that is
where µ R and µ L are as given in (3.18). Then we define the hyperbolic categories H R (S) and H L (S) of S by the same way as it was defined in the Proof of Part (3) (g 1 , . . . , g n )) is a typical object in the skew Laurent category A S Θ of S then (µ
. . , g n )) is an object in H L (S)). The morphisms are given by
Definitions 3.14.
1. The triple (γ, M, η) is called a hyperbolic object of the categorical preseed P if it is an object in the following set
for some categorical preseed S that is mutationally equivalent to P.
2. A mutation hyperbolic category H(P) of a categorical preseed P is a category with set of objects consists of the hyperbolic objects of P. The morphisms are given by: 3. A clustered hyperbolic category C in a categorical preseed P is defined to be any full subcategory of the mutation hyperbolic category H(P) where for every object (f ′ , M, f ) in Obj.C the pair (M, f ) is an object in one and only one skew Laurent category A Θ for some categorical pressed S that is mutationally equivalent to P.
In the following we will omit the word hyperbolic from the expression hyperbolic mutation category. Proof. By the definition the sets of objects of the categories H R (S) and H L (S), they are subsets of the set of objects of H(P). For the morphisms, obviously
For the other direction, if h satisfies (3.19) then it make the right half of the diagram in (3.20) commutative. Now since,
k , where the first equation is by using the commutativity of the right half of the diagram (3.20) and the second equation is due to the fact that ξ k satisfies (3.5).
The case of left categorical mutation is quite similar and in case of using ε k instead of ξ k there will be no major changes. which finishes the proof.
One of the main goals of this article is providing a general technique to identify a full subcategory of every mutation category that is a clustered hyperbolic category. For this sake, we introduce cluster classes and hyperbolic class. • The hyperbolic class of (γ, M, η) at the categorical preseed S is given by
or in other words
Remark 3.17. Let P be a categorical preseed in A. Then the following three conditions are equivalent 1. A mutation hyperbolic category H(P) is a clustered hyperbolic category.
2. For every object M in A, each hyperbolic class (M, η) (S) contains exactly two elements for every categorical preseed S that is mutationally equivalent P.
3. The skew Laurent category A Θ of the initial categorical preseed P contains no mutationally equivalent objects.
In the following we introduce a presentation for cluster classes. All the definitions and proofs are written for a cluster class 
we simply use the following diagrams respectively
• A morphism α is called an initial morphism at k ∈ [1, n] if for every two morphisms α ′ and α ′′ that can be obtained from α by applying a single left and right categorical mutations at k respectively, then we have α| k α ′ and α| k α ′′ . A hyperbolic object h 0 = (γ, M 0 , η) is called an initial object of the cluster class [ (M, (η 1 , . . . , η n )] if for every k in [1, n] , the morphism η k is an initial morphism at k, which can be presented by
• Let [(M, η)] be a cluster class with initial objects h 1 , . . . , h n , n > 1 such that the biggest number of non initial objects between h i and h i+1 for every i ∈ [1, n − 1] is m. Then we say that [(M, η)] has a zigzag presentation of length n and height m and in case of n = 1, the height would be a zero. The initial objects h 1 and h n are called the left and the right initial objects of [(M, η)] respectively. Consider the following zigzag presentation of length n and height one
if it is not divisible by any of the morphisms ε
, for more details about Verma modules of generalized Weyl algebras see [18] . Therefore, if M is a Verma object, then the actions of the morphisms ε
on M are by multiplying by one of the following constants {−1, 0, 1} which means (M, η) is actually a naked object in A Θ for any non-zero morphism η.
Proposition 3.20. Let h and h ′ be two hyperbolic objects in the same cluster class. If h| k h ′ then there is no initial hyperbolic objects in between them. In other words if µ
Proof. The proof is written for the case µ R k t (h) = h ′ and the proof of categorical left mutation case is similar. We start with the case when h is not a naked morphism and we will prove it by mathematical induction on the length of d. If h is not naked morphism then it must be divisible by some of the morphisms ε k,M . By definition of categorical mutation it alternates between multiplying by the morphisms ξ and ε, then applying the categorical right mutation again on h ′′ we will obtain a morphism with one of the expressions ε
. Then the multiplicity of either of the elements
, which equals h ′ , is less than their multiplicity in the expression of h which contradicts with the fact that h| k h ′ . Suppose that the statement is true for d = q, i.e., non of the hyperbolic objects µ R k t (h) is initial object for 1 < t ≤ q then using the same argument we used in the induction step at d = 2, we must have µ
around the naked morphism of h and never cancel any of them, which means µ R k q (h) has one of the forms ξ q hε
or ε q hξ −(q−1) . Thus applying categorical right mutation one more time will not produce any smaller form that can divide either of ξ q hε −(q−1) or ε q hξ
which means it is not possible to produce an initial object using µ R k q+j for j > 1. Which finishes the proof in the non-naked case. If h is a naked morphism then every categorical mutations step applied to h will result in multiplying h −1 or h by one of the morphisms ε
which gives us the following relations Proof. The proof is divided into three steps (1) We will prove this part by showing that, every hyperbolic object is divisible by some initial object. Let h = ((h
Without loss of generality we can assume that h = µ
1 is an initial hyperbolic object then the proof of existence is finished. Assume that g k 1 is not initial hyperbolic object. Then there is g
Again, without loss of generality, we can assume that h = µ R k 2 (g 2,k ). We can continue in this process for only finite number of steps because h must be at most a finite product, so the length of this process is proportional to the multiplicity of ξ ±1 k and ε ±1 k dividing h k . Therefore we obtain a sequence of morphisms g 1,k , . . . , g d k ,k such that g j+1,k | k g j,k , j ∈ {1, . . . , d k }. Since k was a random element from [1, n] so we can apply the same process on each morphism h 1 , . . . , h n , we will end up to the hyperbolic object
If h 0 is a naked object then we must have h 0 | k l. If h 0 is not a naked object and l| k h 0 , so since µ R k (l) = h 0 then l must be one of g 1,k , . . . , g d k ,k which contradicts with the fact that h 0 is not divisible by any hyperbolic object that produces it by a single categorical right mutation.
One can see, in the case of h = µ
) then h will appear on the right (respect to left) of h 0 on the zigzag presentation.
(2) Suppose that [(M, h)] is cluster class with zigzag presentation of hight bigger than one, without loss of generality assume that the hight is two. Let h, h 1 , h 2 and h 3 be connected hyperbolic objects such that both of h and h 3 are initial objects. Then the part of the zigzag presentation that contains h, h 1 , h 2 and h 3 would look as follows
Since h| k h 1 and h 1 = µ R k (h) then the multiplicity of one of the morphisms 
can not be reduced any more. Therefore h 3 does not divide h 2 at k which means h 3 can not be initial object.
(3) In the proof of this part we will also explain how the non naked initial morphisms occur. Let h be non naked initial object. Then h divides both of
′ reduces the multiplicity of one of the morphisms, say α ∈ {ε
′′ will either increase or decrease the multiplicity of the morphism α. If it is increasing then h is a right corner, i.e., h is a right end initial object and no any other initial objects on its right side, thanks to Part (2) of this lemma. If it is decreasing, it would be decreasing the multiplicity of α then it creates another initial object. Continue in applying µ R k will produce number of initial objects that is proportionate to the multiplicity of α which is finite. Then number of initial objects to the right of h is finite. In a quite similar way we can prove that the number of initial objects to the left of h is also finite. Which means that the total number of the initial objects must be finite. Proof. Let h be a non initial object of some cluster class. Then following the proof of Part (1) of Lemma 3.22 leads us to an initial hyperbolic object (lies to left or right of h in the zigzag presentation), let's call it h ′ . If there are some hyperbolic objects sandwiched between h and h ′ , such that there is a natural number m so that
′ is the right (respect to left) end initial hyperbolic object we looking for, thanks to Part (2) 
is also an initial object, again thanks to Part (2) of Lemma 3.22. Then we keep applying right categorical mutations until we obtain an object that finishes the right (respect to left) side of the zigzag, in other words until we obtain an object g such that
) and in this case g is the right (respect to left) end initial object. This process is finite due to Part (3) of Lemma 3.22. In case of h is an initial object, then if µ
) then h is the right (respect to left) end initial object. If there are other initial objects that lies to right (respect left) of h then apply right (respect to left) mutation on h until we obtain an object g such that
) which would be the right (respect to left) end initial object.
Lemma 3.24. Every mutation category H(P) contains a full subcategory that is a clustered hyperbolic category.
Proof. Fix P = (Θ, ξ, A Θ ) to be the categorical preseed of H(P). Let A 0 Θ be the full subcategory of A Θ with objects given by: (M, η) is an object in A 0 Θ if and only if (µ(η), M, η) is a right end initial object of the cluster class [(M, η)] 0 . Now consider the categorical pressed P 0 = (Θ, ξ, A 0 Θ ) and the category C(P) with objects are all the hyperbolic objects of P 0 . The morphisms between any two objects (g ′ , M, g) and (h ′ , M ′ , h) in C(P ) are given by
So by definition, C(P) is a full subcategory of H(P). The proof of C(P) is a clustered hyperbolic category is due to the following Lemma.
Lemma 3.25. For every hyperbolic object (γ, M, η) in the category C(P) there exists a unique categorical preseed S, mutationally equivalent to the initial categorical preseed P 0 , such that (γ, M, η) is an object in one of the the hyperbolic categories
. Suppose that there are two different categorical preseeds S and S ′ such that
Then we have two cases
Case 1 Since the hyperbolic object (γ, M, η) belongs to two hyperbolic categories of two different categorical preseeds, then it can be tracked back to two different initial objects say h and h ′ in P 0 . Hence (γ, M, η) can be obtained from h or h ′ by applying two different sequences of mutations. Therefore h and h ′ are related by a sequence of mutations which means that both of h and h ′ are right end initial objects in the same zigzag which is a contradiction with the uniqueness of right end initial objects.
Case 2
The zigzag presentation of the cluster class of (γ, M, η) contains two copies of (γ, M, η) which means there is a non-trivial sequence of right (or left) mutations µ
, where η = (η 1 , · · · , η n ). Which leads to one of the following two types of contradictions.
• Without loss of generality, let µ R it be a repeated mutations even number of times, say 2m for some natural number m, inside the sequence µ
which means that for every w ∈ M,
which contradicts with the fact that η it is different from the identity morphism.
• Again without loss of generality, let µ R i t ′ be a repeated mutations odd number of times, say 2m + 1 for some natural number m, inside the sequence µ
which contradicts with the fact that η i t ′ is different from the morphism ξ i t ′ . Definition 3.26. Let P be a categorical preseed with its initial categorical preseed P 0 . The category C(P) defined in the Proof of Lemma 3.24 is called the clustered hyperbolic category of P and the objects of the initial categorical preseed P 0 are called initial objects.
One can see that a clustered hyperbolic category of P could be also defined using the left initial objects instead of the right initial objects.
Remark 3.27. If P = (Θ, ξ, A Θ ) is a categorical preseed such that the skew Laurent category A Θ contains no mutationally equivalent objects, then the category H(P) is identified with the clustered hyperbolic category C(P). Furthermore, in such case every Laurent skew category A Θ of any categorical preseed S, that is mutationally equivalent to P contains no mutationally equivalent objects.
In Theorem 3.28 we provide a clustered hyperbolic category that arises from Weyl categorical preseed W, see Examples 3.8 and 3.11. The theorem also provides a relation between the arising clustered hyperbolic category and the category of representations of the Weyl cluster algebra H(p).
Let p = (α, ξ, θ) be a Weyl pressed in the skew-field D and H(p) be its Weyl cluster algebra. Denote the category of representations of H(p) by H(p)-mod. Let ψ * : H(p)-mod→ R − mod, the forgettable functor that sends each H(p) module to itself forgetting about the action of the elements of the cluster set X (p). Consider the category A p = ψ * (H(p)-mod). One can see that A p is an additive category as it is a full subcategory of the category R − mod.
Theorem 3.28. The Weyl preseed p = (α, ξ, θ) gives rise to a clustered hyperbolic category C(W 0 ) that is generated by (possibly infinitely many) equivalent hyperbolic categories where each one of them is equivalent to A p .
Proof. Let W 0 = (Θ, ξ, A p Θ ) be a categorical preseed in the additive category A p induced from p same way as in Example 3.8, where the set of objects of the skew Laurent category A p Θ is given by {(M, α); M is an object in A p }. By definition of preseeds the elements of α = {α 1 , . . . , α n } are algebraically independent then so are the morphisms {α 1 , . . . , α n } which means that non of the objects of A p Θ are mutationally equivalent. Therefore the category C(W 0 ) of all hyperbolic objects of the categorical preseed W 0 is naturally a clustered hyperbolic category, thanks to Remark 3.27 and Remark 3.17.
One can see that the algebras H R (s), H L (s) and the Weyl cluster algebra H(p) are all isomorphic for every preseed s that is mutationally equivalent to p, thanks to Part (3) of Theorem 2.13. Hence the categories H(p)−mod, H R (s)− mod and H L (s)-mod are equivalent. Also, one can define a one to one correspondence between the objects of A p and the set of all cluster classes of C(W 0 ) given by M ↔ (M, α). Which gives rise to pairs of inverse functors F s and G s for every preseed s, mutationally equivalent to p and for every categorical preseed S mutationally equivalent to W 0 that is S = µ(W 0 ) and s = µ ′ (p) for some sequence of categorical mutations µ and sequence of preseeds mutations µ ′ corresponding to µ, given by Theorem 3.29. Let P be a categorical preseed in A p and C be any clustered hyperbolic subcategory of H(P). Then there is a map F P from Obj.C to the Weyl cluster algebra H(p) such that image of F p generates H(p).
Proof. Let W = (Θ, ξ, A p Θ ) be the initial categorical preseed of C. Let M(W) be the set of all morphisms that appear in every possible skew Laurent object (M, β) that can be obtain from some initial skew Laurent objects (W, β) by applying some sequence of categorical mutations, where β = {β 1 , . . . , β n }. Let {α 1 , . . . , α n } be the set of initial cluster variables of the Weyl preseed p. We introduce the step back map f p : M(W) → X (p) given by (3.24) where, without loss of generality, we assumed that β k = µ k m (β k ) for some integer number m. One can see that the step back map f p is well define, since for every skew Laurent object (M, β) there is a unique categorical pressed S mutationally equivalent to W such that (M, β) is an object in the skew Laurent category of S, thanks to Lemma 3.25. Which guarantees the uniqueness of the sequence of categorical mutations that creates each β k from β k for k ∈ [1, n] and hence the uniqueness of f p (β k ) for every k ∈ [1, n]. Now consider the map
f p (β i ), (3.25) where the product is ordered as follows n i=1 f p (β i ) = f p (β 1 ) · · · f p (β n ). Now we prove that every cluster variable in X (p) has a pre-image in Obj.C. Let z be a cluster variable in H(p). Then there is a non-negative q and k ∈ [1, n] such that µ k ±q (α k ) = z, where (+) is for right mutation and (−) is for the left. Consider the hyperbolic object (ν ′ , M, ν) where ν = (β 1 , . . . , µ k ±q±1 (β k ), . . . β n ), hence
With a similar argument we can show that every cluster monomial of the form z 1 · · · z k , k ∈ [1, n] has a hyperbolic object in C as its F p -pre-image.
Corollary 3.30. In particular, there is a map from Obj.C(W 0 ) (where C(W 0 ) is the clustered hyperbolic category defined in Theorem 3.28) with its image generates H(p) and the set of hyperbolic objects
is in one to one correspondence with the set of all cluster variables X (p).
